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Abstract—Securing the inverse matrix of a matrix varied
with time online plays a considerable role in many engineering
and scientific applications. Lots of effort has been made in
securing the inverse varied with time of an interesting matrix
with high speed and high accuracy so far. With the rapid
development of neural networks and neural-dynamic methods,
Getz-Marsden dynamic system (GMDS) is propounded to secure
the time-varying matrix inversion. Subsequently, Zhang et al.
put forward Zhang neural network (ZNN, also zeroing neural
network as termed) models and Zhang functions (ZFs, also
termed zeroing functions), with several kinds of GMDS-ZNN
(GZ) models constructed in real and complex domains by means
of ZNN models and ZFs. In the meantime, many researches on
the features of these GZ models are carried out. However, there
is no comparison among these GZ models. Hence, we conduct
numerical experiments to compare three GZ models, including
GZ model 1 (also termed GMDS), GZ model 2, and GZ model
3. The results of numerical computer experiments substantiate
that GZ model 2 and 3 are evidently better in two aspects (i.e.,
convergence accuracy and convergence rate), compared with GZ
model 1. Besides, the numerical results synthesized by GZ model
2 are completely the same as those synthesized by GZ model 3.

Index Terms—online time-varying matrix inversion, GMDS-
ZNN models, time-discretization formulas, comparisons, perfor-
mance

I. INTRODUCTION

Recently, the quite tough issue of how to secure time-
varying continuous or discrete matrix inversion online comes
into notice frequently in distinct categories of engineering and
scientific applications, like robotics control [1], [2], optimiza-
tion [3] , machine learning [4], and image restoration [5], [6].
Evidently, it is pretty significant to solve this problem fast and
accurately. Therefore, a host of researches have been carried
out to solve it. However, the serial-processing algorithms,
which were put forward at the beginning, are less efficient
when confronting large-scale online applications. This is be-
cause their minimal computational complexities are in propor-
tion to the cubic of the dimension of the interesting matrix,
which implies that the serial-processing algorithms are less
capable of meeting the requirement of computation speed in
online applications [7], [8]. Inevitably, to expedite computation
speed, parallel-processing algorithms are proposed. Lately,
neural-dynamic methods (e.g., neuronets, i.e., neural networks)
have been extensively employed and acknowledged as an
excellent approach to settling the issue of the time-varying
matrix inversion, on account of their striking merits such as
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the capability of swift parallel-type processing distribution-
type storage, the simplicity of basic hardware realization, and
the outstanding performance in online large-scale practice [3],
[8]-[11] . Furthermore, with the gradual progress of neural
networks, Zhang and his coworkers have propounded and
investigated a novel category of recurrent neural networks,
known as ZNN (Zhang neuronet or Zhang neural network as
termed), to secure the inverse varied with time of an interesting
matrix [12]. So far, ZNN has been applied to the robotics
kinematics [13] , the nonlinear time-varying equation systems
[14], and the matrix inversion varied with time [5]. Besides,
the Zhang function (ZF), an indefinite error function, is the
core of ZNN [5].

In 1997, Getz and Marsden proposed Getz-Marsden dy-
namic system (GMDS) that is utilized for the time-varying
matrix inversion [15]. Furthermore, Zhang et al. presented
GMDS-ZNN (GZ) model 1 [5], GZ model 2 [8], and GZ
model 3 [16], simply and collectively, GZ neural dynamics
(GZND) models, by adopting the tools of ZF, ZNN design
formula, and gradient dynamic system (GDS) design. It should
be noted that both GZ model 2 and 3 possess the advantages
of both ZNN and GDS. In addition, two GMDS variants were
raised in [17]. On account of digital hardware implementation,
the majority of continuous-time models should be discretized
[18]. From preceding researches [8], [15]-[17], [19], [20], it
is evident that continuous GZ models are expressed in the
form of differential (more rigorously, derivative, also termed
differential-quotient) equations. A class of ZTD (Zhang time
discretization as termed) [21]—-[29] , being a part of numerical
differentiation, which approximates the 1-st order derivative
of a certain function with regard to time at a certain time
instant, based on the values of the function at the present
and previous instants, is a feasible approach to the time
discretization of GDMS-ZNN models. Hitherto, a number
of time-discretization formulas have been constructed and
exploited. Note that the precision of a time-discretization
formula influences the accuracy of the obtained discrete model.
To be precise, the more precise a time-discretization formula
is, the smaller the error of the corresponding discrete model
is. According to previous work [8], [15]-[17], [19], [20],
numerous characteristics of the above continuous-time models
have been discovered and studied. However, there is no com-
parison among GZ model 1, 2, and 3, especially, in discrete
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time. Thus, we carry out numerical computer experiments for
comparisons. Here are the relatively major contributions of the
paper.
o We illustrate the design procedures of three continuous-
time GZ models in detail.
o Through experiments and comparisons, it is discovered
that GZ model 2 or 3 performs better than GZ model 1.
o We figure out that, when exploiting the same time-
discretization formula, the results of GZ model 2 are
totally the same as those of GZ model 3, regardless of
whether the experimental subject is a real time-varying
matrix or a complex time-varying one. In addition, differ-
ent discrete-time GZ models have their own precisions re-
lated to the exploited time-discretization formulas, which
is distinguished from GZ variants.

The are four sections as the remainder of our paper.
Section II presents mathematical formulation for the issue
of the time-varying matrix inversion, as well as the design
procedures of three GZ models. In Section III, we utilize
five time-discretization formulas to discretize GZ models,
including Euler forward formula (EFF), Zhang-Taylor (ZT)
discretization formula (constructed by Taylor expansion [21])
as a part of ZTD, a 6-instant ZTD formula, and two 8-instant
ZTD formulas. In Section IV, for comparisons, two examples’
numerical experiments are provided, and Section V sums up
our paper.

II. MATHEMATICAL FORMULATION AND
CONTINUOUS-TIME GZ MODELS

This section presents the mathematical formulation for
the issue of the time-varying matrix inversion. Additionally,
continuous-time GZ models are elaborated.

A. Mathematical Formulation for Problem

The formulation for the time-varying matrix inversion issue
is expressed as

COM() =1, ()

in which C(t) € C™ "™ is a smooth and nonsingular matrix
varied with time, M (t) € C"*" is to be online solved for,
and I € R™*" is the identity matrix. It should be pointed out
that the matrix M () obtained in problem (1), is in a discrete-
time modality, namely M (¢t = k1) with k € N and 7 € R
denoting the sampling interval.

B. GZ Model 1

First, we define an error function whose value is a matrix
[5]:
E(t)=C(t) — M’l(t) e Ccrm,

which is actually a ZF, to supervise and regulate the solving
process of problem (1). Second, via employing E(t) =
—AE(t) (a design formula proposed by Zhang and his cowork-
ers [5]), an equation is acquired as

Ct)+ M )CH)M () = -X(C(t) — M1 (1)).
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Third, by rearranging the above equation, GZ model 1 is
presented as [5]:

M(t) = —M()CH)M(t) = AM(8) (CH)M(t) — 1), ()

where A € R™ is a design parameter for scaling convergence
rate.

C. GZ Model 2

The second GZ model is derived from the subtle combina-
tion of GZ model 1 (2) and GDS. According to [8], we design
a nonnegative function : €(t) = ||C(t)M(t) — I||2/2 € R,
namely the square of the Frobenius norm of C(t)M(t) — I.
Evidently, €(¢) approaches 0 as M (t) approaches C~1(¢) with
t — +4o00. Furthermore, we acquire a GDS for problem (1) as
follows:

Oe(t)
OM(t)

M(t) = —A =-XC() (COM() — 1), 3
in which CH(t) represents the conjugate transpose matrix of
C'(t). By substituting the ZNN error feedback of (2), namely
—AM(t) (C(t)M (t) — I), with the GDS error feedback of (3),
namely —\CH(t) (C(t)M (t) — I), GZ model 2 is presented
as

M(t) = —M®)CE)M(E) — \CH(t) (CHME) —1). @

Through a host of practice, it is discovered that the conver-
gence accuracy of ZNN is high and the convergence rate of
GDS is fast. Furthermore, GZ model 2 depicted in (4) has the
strengths of both ZNN and GDS.

D. GZ Model 3

The design procedure of the third GZ model resembles that
of the second GZ model depicted in (4). The difference is the
nonnegative scalar-valued energy function which we define,
that is, €(t) = |[M(t)C(t) — I||3/2 € R. Thereby, we have
another GDS for problem (1) [16]:

y De(t) H
M(t) = AaM(t) =-ANM@)C@E)—1)C(t). (5)
Similarly, substitute the ZNN error feedback of (2), namely
—AM(t) (C(t)M(t) — I), with the GDS error feedback of
(5), namely —\ (M (t)C(t) — I) CH(t). Then, GZ model 3 is
formulated as follows:

M(t) = =M (t)C(t)M(t) — N (M(t)C(t) — I) CH(t). (6)

In the same way, GZ model 3 depicted in (6) acquires the
advantages of both ZNN and GDS.

III. DISCRETE-TIME GZ MODELS

Due to digital hardware implementation, we should dis-
cretize the above models to investigate their characteristics.
In this section, we apply five different time-discretization for-
mulas (i.e., EFF, ZT discretization formula, one ZTD formula
with 6 instants, and two ZTD formulas with 8 instants) to
discretize the above GZ models.
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A. EFF and Corresponding Models

EFF, which has been put forward for more than two hun-
dred years, is a simple but brilliant method for numerically
solving ordinary derivative equations (ODE) [30], [31]. EFF
is expressed as

. 1
My, = ;(Mkﬂ — My) + O(7),
where £ € N denotes the index, glnd 7 € RT denotes the
sampling interval. Via replacing M (t) in (2), (4), and (6),
three discrete GZ models discretized by EFF are shown as
follows:

Myy1 = —TM.Cp My — hMy,(CyMy, — I) + My, (7)

Mk+1 = —TMkaMk — hC,?(CkMk — I) + M, ()
and
M1 = —TMpCrp My — h(M,.Cr — CH + My, (9)

where = denotes the computational assignment operator, h =
A7 € RT represents the step size. We name (7), (8), and (9)
as DTGZ1-1, DTGZ2-I, and DTGZ3-I, respectively.

B. ZT Discretization Formula and Corresponding Models

ZT discretization formula, which has been proposed since
2014, fixes a few natural defects of both the backward nu-
merical differentiation and the central one [21], [32]. Besides,
the shortcoming of the Lagrange interpolation formula is
overcome by ZT discretization formula which is formulated
as [21], [32]:

1
5(2Mk+1 —3My +2My_1 — Mkfz) + O(TQ).

N =
By replacing M (t) in (2), (4), and (6), the discrete-time GZ
models discretized by ZT discretization formula are shown as
follows:

. . 3
Myy1 = — TMpCp My — hMy(Ci My, — I) + §Mk
1 (10)
— M1+ §Mk727
. 3
M1 = — 7MC, My, — hOH(Cu My, — T) + 2 Mi
(11)
1
— My—1 + §Mk727
and
. . 3
M1 = — 7MC My — h(MCr — I)C}! + §Mk
(12)

1
- M1+ §Mk—2-

We name (10), (11), and (12) as DTGZ1-II, DTGZ2-II, and
DTGZ3-I1, respectively.
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C. 6-Instant ZTD Formula and Corresponding Models

Compared with ZT discretization formula, the highest pre-
cision of 6-instant ZTD formulas is higher. According to the
previous work [33], [34], a specific ZTD formula with 6
instants is expressed as

1
19+ (23Mk+1 — 11Mk — 4Mk 1— 5Mk 2

— TMj—5 + 4Mj_s) + O(72).

By replacing M (t) in (2), (4), and (6), the discrete-time GZ
models discretized by the 6-instant ZTD formula are shown
as follows:

42 11
=— *TMkaMk — 7th(Clec —I)+ —M;

My, =

Mk+1 23 23
4 5 7 4
— M. _ — M. _ — M3 — — Mj._
+23 k1+23 k2+23 k=3 = 5a k-1,
42 11 (13)
My =— ﬁTMkC’kMk’ - %hO?(OkMk —1I)+ 23Mk
4 5 7
7M _ J— L J— e = — _
+23 k 1+23Mk 2+23Mk 3 23Mk 4
(14)
and
42 42 11
My =— ﬁTMkaMk - %h(Mka -Gy + %Mk’
4 5 7 4
— M. — M. — M3 — —Mj._4.
gttt gg M2 oa M- = 58 ’“4(15)

We name (13), (14), and (15) as DTGZ1-III, DTGZ2-III, and
DTGZ3-111, respectively.
D. 8-Instant ZTD Formulas and Corresponding Models

According to the previous work [35], [36], two specific 8-
instant ZTD formulas with higher precision are presented as

My, = 55907 ———(1000M} 41 — 51 M), — 400Mj 1 — 600Mj,_o
— 200Mp_3 + 175My_y + 176 M5 — 100Mk—6)
+0(r")

(16)
and
. 1
My = (31Mk+1+3Mk—16Mk 1 —24My_o — Mj_3

721
+ TMy_g+2My_5 — 2My_¢) + O(T ).

(17)

By replacing M (t) in (2), (4), and (6), the discrete-time GZ
models discretized by (16) are shown as follows:

. 111 111
My =— ETMkaMk - 7th(OkMk- —1)
51 3
JFkaJF Mk 1+ Mk 2+ Mk3 (13)
7
— M, M _ —M _
B R 125 k5+10 k—65
. 111 111
Mk+1 = 50 TMkaMk; 7th (Ck;Mk - )
51 2 3 1
— M M. M. —M;._ 19
+1000 k+5 k1+5 k2+5 k-3 (19)
7 22
— — M4 — — M, M
10 =1 = 195 Mi- 5+ 10 k=61
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TABLE I: Expressions of continuous and corresponding discrete GZ models

Expressions

Model
Continuous-time model expression Discrete-time model expressions

M1 = —TMpCp My, — hMy,(Coy My, — T) + My,

M1 = —7 My Co My, — hM(Co My, — I) + 3 M,
~My_1+ M2

M1 = =27 M C My — 32 M (Ce My, — 1)
LMy + e My + Mo
o My_3 — Mg

M1 = — s M C My, — LM (Cu My, — 1)
My + 2My oy + 2 Mg+ 1My
— 5 My_g — 22 My_5 + 15 My—_g

My = — 27 MC My, — 2 hM(Cp My, — 1)
_%Mk + %Mkfl + %Mk72 + %Mk—?)
—%Mkle - %Mk—f) + %Mkfﬁi

GZ model 1 NI(t) = —M(£)C(t)M(t) — AM(t) (C(£)M(t) — I)

M1 = —7MCp, My — hCH(C. My, — I) + M;,

Myy1 = =T My Cp My, — hRCH(C My, — I) + S M,
~My_1+ M2

M1 = — 27 M Cp My, — 22hCH(CL My, — 1)
+33 My + 55 Mp_1 + 5 My
+o5 Mi_3 — 55 Mj_4

M1 = — e M G My, — 2L RCH(Cp My, — 1)
My + 2My_y + 2 Mg+ 1My

ka—zl - ﬁMk—5 + ﬁMk—G

M1 = =27 MCp My, — ZhCH(CL My, — 1)
*%Mk + %qu + %Mk72 + %Mk73
—3*71Mk74 - %Mk—S + %Mkfﬁ

M1 = =7 M Cp My — h(MyCy, — I)CH + M;,

Myy1 = =T M Cp My, — h(MCy, — CH + M,
~Mpy_1+ $My_2

M1 = — 27 M Cp My, — 22 h(M;,C), — I)CH
+L M + %qu + Mo
o My_3 — 55 My_4

M1 = = s M Cp My, — L h(M,,Cy, — I)CH
s My + ZMy_q + 2 Mg+ 1My
*EMk—zl - ka—E) + EMIC—G

My = — 27 MCp My, — Z2h(MpCy — I)CH
— 2 M+ 280y + %Mk72 + 57 My _3
*3*71M1ﬁ4 - %Mk—S + 32*1Mk76

GZ model 2 M (t) = —M(t)C(t)M(t) — A\CH(t) (C(t)M(t) — I)

GZ model 3 NI(t) = —M(£)C(t)M(t) — A (M(£)C(t) — I) CH(¢)
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and
. 111 . 111
Mk+1 = — ETMkaMk - %h(Mka - I)C}?

51 2 3 1
— M, —M;._ — M. _ — My 20

+1000 k+5 k1+5 k2+5 k—s3 (20)
7 22 1

— — My — — M, _ — M. _¢.
10 k=4 T g ks g Me—o

Another three discrete-time GZ models discretized by (17) are
shown as follows:

M1 = — ngkaMk — gth(CkMk -1
- %Mk + %Mk—l + %Mk—Q + S%Mk—?; (21)
- 3*71Mk—4 - %Mk—5 + %Mk—67

My = — %erC‘kMk - %hC?(CkMk —1I)
- %Mk + ngq + %Mk72 + %Mk{a (22)
- 3*71Mk74 - %Mkﬂ’) + %Mkf&

and

72 . 72
Mk—i—l = — fTMkaMk - ﬁh(Mka - I)C]I;{

31
3 16 2 1

-2 M+ My o+ — M5 (23
s Mrt gy M1t 5pMi2 + 7 Mie—s (23)
7

2 2
— — Mg — — M _ — M.
37 Mk—a 31k5+31k6

We name (18), (19), (20), (21), (22), and (23) as DTGZI1-1V,
DTGZ2-1V, DTGZ3-1V, DTGZ1-V, DTGZ2-V, and DTGZ3-V,
respectively.

Hitherto, we complete the discrete-time GZ models. More-
over, we gather them in Table 1.

IV. NUMERICAL EXPERIMENTS AND RESULTS

Using different time-discretization formulas, we carry out
two examples’ numerical computer experiments to verify
whether the above discrete GZ models are effective, and make
comparisons on their efficiency.

A. First Example

In this example, the experimental object is a 3 x 3 real
time-varying matrix, and it is described as

5+ sin(4tr)  0.25cos(4ty) cos(4ty)
Cr = |0.25cos(4ty) 5 +sin(4ty) 0.25cos(4ty)| € R**?
cos(4ty) 0.25cos(4tr) 5+ sin(4tx)

where ¢, = k7 with & € N. Suppose that C', ! is the theoretical
inverse of C}. Due to the complexity of the elements of
O, ', we omit C; ! here. The initialization Cy of Cj, is set
randomly (and also sufficiently close to Cjy 1). the sampling
interval 7, the step size h, and the simulation duration are
uniformly set as 1073 s, 1072, and 10 s. The results of the
numerical experiments are exhibited in Figs. 1 & 2. Precisely,
Fig. 1(a) displays ||[My41 — C’kj:al (i.e., solution errors) of
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TABLE II: Solution errors and residual errors of discrete GZ
models for first example with 7 = 1072 s and h = 1072

Discrete-time model Solution error Residual error
DTGZ1-1 (7) 5.15 x 10~° 2.86 x 10~4
DTGZI1-II (10) 3.12 x 10~8 1.58 x 10~ 7
DTGZI1-III (13) 5.51 x 10~10 2.76 x 1079
DTGZ1-1V (18) 6.98 x 1012 3.52 x 1011
DTGZ1-V (21) 5.84 x 1012 2.95 x 10712
DTGZ2-1 (8) 1.49 x 106 8.15 x 10~6
DTGZ2-TI (11) 4.39 x 1079 2.20 x 10~8
DTGZ2-11I (14) 4.04 x 10~11 2.03 x 10~10
DTGZ2-1V (19) 3.65 x 10~13 1.83 x 10—12
DTGZ2-V (22) 3.06 x 10~13 1.53 x 10~12
DTGZ3-1 (9) 1.49 x 106 8.15 x 10~6
DTGZ3-TI (12) 4.39 x 1079 2.20 x 10~8
DTGZ3-11I (15) 4.04 x 1011 2.03 x 10~10
DTGZ3-IV (20) 3.65 x 1013 1.83 x 1012
DTGZ3-V (23) 3.06 x 10~13 1.53 x 10~12

five discrete-time models obtained from GZ model 1, i.e., cor-
respondingly, DTGZ1-I (7), DTGZ1-1I (10), DTGZ1-1II (13),
DTGZ1-IV (18), and DTGZ1-V (21). Fig. 1(b) and (c) show
the solution errors ||Mj 1 — C} _&1 |le of DTGZ2-I (8) through
DTGZ2-V (22) and DTGZ3-1 (9) through DTGZ3-V (23),
respectively. Besides, Fig. 2(a) through (c) present the residual
errors ||Cy1 Mgy1 — I||r of DTGZ1-1 (7) through DTGZ1-V
(21), DTGZ2-I (8) through DTGZ2-V (22), and DTGZ3-I (9)
through DTGZ3-V (23), respectively. As presented in Fig. 1,
the numerical results substantiate that three GZ models and
their corresponding discrete-time ones are effective. However,
the convergence phenomena arise earlier in Fig. 1(b) & (c¢)
than those in Fig. 1(a), and so do the phenomena in Fig. 2,
which indicates the second and the third GZ models (i.e., (4)
and (6)) have better performance. As mentioned in Section II
before, GZ model 2 and 3 utilize GDS’s strength, namely fast
convergence rate.

Besides, we list the values of the solution errors and residual
ones synthesized by the discrete-time models in Table II.
Observed from Table II, in terms of the same GZ model, the
higher the precision of a time-discretization formula is, the
smaller two types of errors of the obtained discrete model
are. That is to say, the precision of a formula used for
time discretization influences the accuracy of the obtained
model. Additionally, different discrete models acquired by
discretizing the same continuous GZ model with different
time-discretization formulas have their own precisions asso-
ciated with the formulas, which is distinct from GZ variants
[17]. Moreover, when adopting the same time-discretization
formula, two kinds of errors of the discrete GZ model 1 are
both larger than those of the discrete GZ model 2 and 3, which
illustrates that GZ model 2 (4) and 3 (6) perform better than
GZ model 1 (2) again. Furthermore, it is surprising to discover
that the discrete GZ model 2 and 3 possess the same accuracy
when exerting the same time-discretization formula.
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Fig. 1: Solution errors ||M 1 — O J:1||F synthesized by discrete-time GZ models for first example with 7 = 1072 s and
h = 1072. (a) Discrete-time GZ model 1. (b) Discrete-time GZ model 2. (c) Discrete-time GZ model 3.
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Fig. 2: Residual errors ||Cyi1My11 — I||p synthesized by discrete-time GZ models for first example with 7 = 1072 s and
h = 1072. (a) Discrete-time GZ model 1. (b) Discrete-time GZ model 2. (c) Discrete-time GZ model 3.
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Fig. 3: Solution errors || Mj41 — C) _&1||F synthesized by discrete-time GZ models for second example with 7 = 10~3 s and
h = 102. (a) Discrete-time GZ model 1. (b) Discrete-time GZ model 2. (c) Discrete-time GZ model 3.
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Fig. 4: Residual errors ||Cyy1 M1 — I||p synthesized by discrete GZ models for second example with 7 = 1073 s and

h = 1072. (a) Discrete-time GZ model 1. (b) Discrete-time GZ model 2. (c) Discrete-time GZ model 3.

TABLE III: Solution errors and residual errors of discrete-
time GZ models for second example with 7 = 1072 s and
h =102

Discrete-time model Solution error Residual error
DTGZ1-1 (7) 1.81 x 104 4.07 x 10~4
DTGZ1-1I (10) 1.44 x 106 3.15 x 1076
DTGZI1-III (13) 7.05 x 1079 1.55 x 108
DTGZ1-1V (18) 8.19 x 10~ 11 1.79 x 1010
DTGZ1-V (21) 6.85 x 10~ 11 1.50 x 10—10
DTGZ2-1 (8) 3.72 x 1072 8.17 x 10~°
DTGZ2-11 (11) 3.41 x 1077 7.46 x 10~7
DTGZ2-111 (14) 1.85 x 1079 4.05 x 1079
DTGZ2-1V (19) 2.34 x 10~11 5.13 x 10~ 11
DTGZ2-V (22) 1.96 x 10~11 4.30 x 10— 11
DTGZ3-1 (9) 3.72 x 10~° 8.17 x 10~°
DTGZ3-1I (12) 3.41 x 10~7 7.46 x 1077
DTGZ3-11I (15) 1.85 x 1079 4.05 x 1079
DTGZ3-IV (20) 2.34 x 10~11 5.13 x 10~ 11
DTGZ3-V (23) 1.96 x 10~11 4.30 x 10~ 11

B. Second Example
Another experimental object is a 3x 3 complex time-varying
matrix, and it is described as

3 + exp(2ity)
—0.5i exp(—2itx)
—iexp(—2itk)

—0.5i exp(—2it)
3 + exp(2ity)
—0.5i exp(—2itx)

—iexp(—2itg)
—0.5i exp(—2it) | ,
3+ eXp(2itk)

Ck

where Cj, € C3*3. Suppose that C;, ! is the theoretical inverse
of Cj. Similarly, due to the complexity of the elements of
Cy ! we omit it here. The initialization My of My is set
randomly too. the sampling interval 7, the step size h, and the
simulation duration are also uniformly set as 1073 s, 1072,
and 10 s. The results are illustrated in Figs. 3 & 4 as well
as Table III. Evidently, three GZ models work pretty well.
What is more, the phenomena observed in the first example
also appear in the second example, meaning that, from the
perspective of complex time-varying matrices, the summaries
made in the first example are also valid.
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V. CONCLUSION

This paper has elaborated the design procedures of three
GZ models, which secure the inverse of an interesting matrix
varied with time, and discretized them by five different time-
discretization formulas. Through experiments, it has been
discovered that GZ model 2 depicted in (4) and GZ model
3 depicted in (6) have higher convergence accuracy and faster
convergence rate, compared with GZ model 1 depicted in (2).
Besides, with regard to the same time-discretization formula,
the results of GZ model 2 depicted in (4) and GZ model
3 depicted in (6) are fully the same. In addition, different
discrete-time GZ models have their own precisions related
to the exploited time-discretization formulas. Due to space
limitation, a detailed and deep review of relevant literatures
has not been provided, and it may be a research direction in
future.
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